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Cosmological perturbations in the brane-world cosmology with a positive tension brane in the AdS 
background bulk geometry is analyzed by using the doubly gauge-invariant formalism. We derive 
four independent equations for scalar perturbations in the plane symmetric [K — 0) background. 
Three of these equations are differential equations written in terms of gauge invariant variables on 
the brane only, and another of them is an integro-differential equation whose kernel is constructed 
formally from the Z2-symmetric retarded Green's function of the bulk gravitational waves. We 
compare these four equations with the corresponding equations in the standard cosmology. As a 
by-product, we also obtain a set of equations which may be useful in numerical calculations. 



I. INTRODUCTION 



' The idea that our four-dimensional world may be a timelike surface, or a world-volume of a 3-brane, in a higher 
dimensional spacetime has been attracting a great deal of physical interests. As shown by Randall and Sundrum [0, 

■ the 4-dimensional Newton's law of gravity can be reproduced on a 4-dimensional timelike hypersurface with positive 
tension in a 5-dimensional AdS background despite the existence of the infinite fifth dimension. 

Moreover, in refs. it was shown that the standard cosmology can be realized in the scenario in low energy as 
far as a spatially homogeneous and isotropic brane is concerned. Hence, it seems interesting to look for observable 

■ consequences of the cosmology based on this scenario. For this purpose, cosmic microwave background (CMB) 
' anisotropy seems a powerful tool. In this respect, many authors investigated cosmological perturbations in the brane- 
: world scenario |-17|. 



In this paper, we investigate classical evolution of brane-world cosmological perturbations. It was conjectured in 
, ref. that the evolution of cosmological perturbations becomes non-local in the brane-world in the sense that it 
■ should be described by some integro-differential equations. The non-locality is due to gravitational waves propagating 
<^ i' in the bulk 5-dimensional spacetime. Thus, the main purpose of this paper is to give a formal derivation of an 
^ • integro-differential equation for brane-world cosmological perturbations. Actually, we shall derive four independent 
equations for scalar perturbations on the brane, one of which is the integro-differential equation, by using the doubly 
gauge-invariant formalism developed by the author |8|j^ . 

In section ^ we review the background cosmological solutions in the brane-world scenario and describe the back- 



ground we use in this paper. In section III, specializing to scalar perturbations around a plane-symmetric (K = 0) 



' background, we review the doubly gauge invariant formalism of brane-world cosmological perturbations. Section IV 
is the main part of this paper. In the section we derive the four equations for perturbations on the brane including 
the integro-differential equation. In section ^ we compare these four equations in the brane-world cosmology with 
the corresponding equations in the standard cosmology. Finally, section ^ is devoted to a summary of this paper. 



II. BACKGROUND GEOMETRY 



As mentioned in the introduction, cosmological solutions in the Randall-Sundrum brane world scenario were recently 
found [^-0. In these solutions, the standard cosmology is restored in low energy, if a parameter in the solutions 
is small enough. If the parameter is not small enough, it affects cosmological evolution of our universe as dark 
radiation |^]. Hence, the parameter should be very small in order that the brane-world scenario should be consistent 
with nucleosynthesis [Q. On the other hand, in ref. it was shown that 5-dimensional geometry of all these 

cosmological solutions is the Schwarzschild-AdS (S-AdS) spacetime and that the parameter is equivalent to the 
mass of the black hole. Therefore, the 5-dimensional bulk geometry should be the S-AdS spacetime with a small 
mass, which is close to the pure AdS spacetime. Moreover, black holes with small mass will evaporate in a short time 
scale pO| . Thus, it seems a good approximation to consider the pure AdS spacetime as a 5-dimensional bulk geometry 
for the brane-world cosmology. 
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Now let us review the above by using several equations and describe the background geometry which we shall 
consider throughout this paper. First, let us consider a five-dimensional bulk metric of the form 



(1) 



where dTi\ is a metric of a unit three-dimensional sphere, plane or hyperboloid for K = -)-l,Oor —1, respectively. This 
metric represents a general five-dimensional spacetime with the symmetry of four-dimensional Friedmann universe. 
Actually, the induced metric on the constant-w hypersurface {w = wq) is of the four-dimensional Friedmann metric, 
provided that the new time coordinate t and the scale factor a{t) are introduced by dt ~ N(t, wo)dT and a(t) = 
r(r, Wq). Hence, the metric (^) represents the bulk geometry for the branc- world cosmology in the Gaussian normal 
coordinate system and w represents the extra dimension if we impose the Z2-symmetry, or the invariance under 
the parity transformation w — wq wq — w. It is possible to solve the five-dimensional Einstein equations with the 
negative cosmological constant by using this form of the metric. The bulk solution and the corresponding cosmological 
evolution equation induced on the brane were obtained in refs. 

Instead, we may consider a different coordinate system in which the metric is of the following form |^ 



dsl = -F{T, r)l^dT^ 



G{T,r)dr'^ +r'^dY? 



K- 



(2) 



In this coordinate system, the five-dimensional Einstein equations with the negative cosmological constant can be 
solved more easily than in the Gaussian normal coordinate. The solution is the S-AdS spacetime [n9[: 



F^G- 



K 



r 



(3) 



where I is the length scale of the five-dimensional negative cosmological constant and /j, is a constant. This statement 
may be considered as a generalized Birkoff 's theorem 0. Thus, the bulk geometry is static, regardless of the dynamical 
motion of the brane, insofar as the world-volume of the brane has the symmetry of the three-dimensional sphere, 
plane or hyperboloid, respectively. The Z2-symmetry is incorporated by considering two copies of the same region in 
the S-AdS spacetime with a timelike boundary and gluing these along the boundary. The corresponding cosmological 
evolution equation induced on the brane was obtained in refs. |^J^ and is the same as that obtained by using the 
Gaussian normal coordinate system. 

It is, of course, possible to obtain explicit coordinate transformation between the Gaussian normal coordinate 
system and the spherically, plane or hyperbolically symmetric coordinate system. Actually, in ref. the coordinate 
transformation was obtained and the global structure of the solutions was investigated by using it. 

As pointed out in ref. |^ and explained in the first paragraph of this section, consideration of the dark radiation 
and the Hawking radiation makes us to think that the pure AdS spacetime, which corresponds to /Lt = 0, should be 
good enough for the bulk geometry. The generalized Birkoff's theorem guarantees that the AdS bulk spacetime is 
perfectly consistent with any motion of the brane, provided that the induced geometry on the brane has the symmetry 
of the three-dimensional sphere, plane or hyperboloid. Hence, throughout this paper, we shall consider the pure AdS 
spacetime as the bulk geometry. Furthermore, for simplicity we shall consider the spatially flat {K = 0) brane only. In 
this case, it is convenient to introduce a new spatial coordinate X by X = l/r so that the metric (||) with = K = Q 
becomes manifestly conformally flat: 



dsl - a^'i^dx^dx^ = ( 1 



-dT^ + dX'^ 



3 

E 



[dx'f 



(4) 



where M,N = 0,1,2,3,4. 

In this bulk spacetime, let us consider a world volume of a 3-brane or, a timelike hypersurface, given by the 
imbedding relation x^'^ = ^("^^■'^(y), where y represents {y'^} (/i = 0, 1,2,3) and 



^ For latter convenience we included in front of dT^. So, the time variable T in the present paper corresponds to T/l in 
ref. @. 

^ Of course, if we consider matter fields |2l|p^ or quantum corrections [p3|j2^ in the bulk then the generalized Birkoff's 
theorem does not hold. In these more general case, the bulk geometry becomes completely dynamical if the induced geometry 
on the brane is dynamical (eg. expanding). Thus, inclusion of bulk matter fields or quantum corrections is beyond the scope 
of this paper. 
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Z(")* = y* (i = 1,2,3). 
Hereafter, t = -if* . The induced metric g^j'i'' on defined by 



(5) 



= (0)M 



M 



can be calculated to be 



(6) 



(7) 



where the time coordinate t = ip has been normalized so that (IT/X)"^ — {IX/XY = 1 and the function a{t) is 
defined by a{t) — l/X{t). This is actually the flat Friedmann-Robertson- Walker metric. The extrinsic curvature of 
S(o) defined by 



x=Z(0)(y) 



where the unit normal to S*-"-*, is calculated to be 

3 



(8) 



m = 



I 



(9) 



Here, H is defined by H = a/ a and the direction of the miit normal vector rt^^ has been chosen so that 
n(°)^aMrL^^(o,(,) <0. 

The Z2-symmetry can be incorporated by considering two copies of one of the two regions i/i)X > X{T^^(T)) or 
(ii) X < X {f^^{T)), and gluing the two copies along S*^"'. Hence, Israel's junction condition gives the evolution 
equation of a{t) as 



± 



(pit) + A) 



and the conservation equation 



(10) 



(11) 



where is the 5-dimensional gravitational constant and we have assumed that the surface energy-momentum tensor, 
or the Lanczos tensor, sj^J of the brane is of the form 

where A is the vacuum energy density on the brane, or the tension of the brane, and 



(12) 



-p{t) 

p{t) 

p{t) 

p{t) 



(13) 
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The sign in ( pi]| ) is plus or minus for the choice (i) or (ii), respectively. In order for the vacuum p = p = to give 
the nearly static brane PH^ ^ 1, it is necessary and sufficient that k^X ~ ±6/Z, where the plus and the minus signs 
are for the choice (i) and (ii), respectively. Hence, the tension A of the brane should be positive (or negative) for the 
choice (i) (or (ii), respectively). With this sign of A, the evolution equation ( |l0|) can be rewritten as 

where Gn = k^X/AStt and A4 = k|A^/12 — 31^^. Hence, for the choice (ij, we obtain the standard Friedmann 
equation in low energy (namely when \p\ ^ A) and the evolution equation dl3) can be considered as a generalized 
Friedmann equation . On the other hand, if we choose (ii) then the effective four-dimensional Newton's constant 
Gat is negative and, thus, the cosmology in low energy becomes very different from the standard cosmology |2^] ^. 
Therefore, in the following we shall consider the choice (i). Namely, we shall consider two copies of the region 
X > X{T~^{T)) in the pure AdS spacetime and glue them along the trajectory {T,X) — {T{t),X{t)) of the brane 
with positive A. 

III. DOUBLY GAUGE-INVARIANT FORMALISM 

In this section, specializing to scalar perturbations Q around a plane-symmetric {K = 0) background, we review 
the gauge-invariant formalism of gravitational perturbations in the bulk and the doubly gauge-invariant formulation 
of the perturbed junction condition developed in refs. [^,^. In the next section we shall apply the formalism to the 
brane-world cosmological background described in the previous section. 

A. Perturbed junction condition 

First, let us consider a general five-dimensional metric gi\iN, general functions {Z^^ (y)} determining the imbedding 
of a general world volume E of the brane, where y denotes 4 dimensional coordinates {y^} on E, and a general 
surface energy-momentum tensor Sf^i, on E. We then expand them around a general background specified by gfjj^, 
{Z(")^'^(y)} and S^°J . Namely, we consider the metric 

dsj = QMNdx^^dx^ = [gfjj^ + 6gMN)dx^' dx^ , (15) 

the imbedding relation 

x^ = (y) = Z (y) + 5Z^ (y) , (16) 
and the surface energy momentum tensor 

Sfiy = S^J + 5S^i/. (!''') 

We can calculate the perturbed induced metric and the perturbed extrinsic curvature of E up to the linear order and 
obtain the following expressions. 

K^.^K'^^} +5K^,, (18) 

where 



^ If we consider matter fields or quantum effects in the bulk then this conclusion might be significantly changed since the near 
brane geometry in the bulk can be very different from AdS spacetime. For analysis of weak gravity in models with bulk matter 
fields, see ref. [|^. 

This treatment is, of course, justified since vector and tensor perturbations are decoupled from the scalar perturbations in 
the linear order. See ref. for the categorization. 
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.}.n'^0)L^(0)M^(Q)N 



Here, C denotes the Lie derivative defined in the five-dimensional spacetime, the semicolon denotes the covariant 
derivative compatible with the background metric 5^°^^, R^jjmln '^^ Riemann tensor of g'^^jj^ and ST^mn = 
(l/2)(5(7iM;Ar + 6gLN;M ~ 5gMN;L)- The perturbations ^g^jy and 5K^u may be evaluated on 

For these perturbations we have the following two kinds of gauge transformations |^]. We have the 5-gauge trans- 
formation (infinitesimal coordinate transformation in the 5-dimensional bulk spacetime), x'^ — > x'^ = x^^ +^^^{x), 
under which SgMN and 5Z^ transform as 

5gMN SgMN — £.M;N — ^N;M, 

5Z^' ^ SZ"' , (20) 

but (Jg^iy, SKi^u and dSfj,i, are invariant. We also have the A-gauge transformation (infinitesimal reparameterization of 
the 4-dimensional hypersurface E) , — > y'^ — yf^ + (f^ (y) , under which 



Sqf_,u - 


Sqfj,i, - 










5Sf_,u - 







(21) 

Here, C denotes the Lie derivative defined in the 4-dimensional manifold Note that the 4-gauge transformation 

is not a part of the 5-gauge transformation. Actually, (5q^i/ and SKfj^i, are invariant under the 5-gauge transformation 
but are not invariant under the 4-gauge transformation. These two gauge transformation were disentangled from each 
other in ref. Q. 

Next, as the background let us consider the plane-symmetric metric 

3 

gf^j^dx"' dx^ = -labdx^dx^ + ^{dx'f, (22) 

i=l 

and such imbedding functions Z*^°-'*^(?/) that depends only on if and that Z*^"^* = y*, where the two-dimensional 

metric 7ab and the function are assumed to depend only on the two dimensional coordinates {x"}. Let us call 
the two-dimensional spacetime spanned by {x"} an orbit space since the unperturbed motion of the brane can be 
described as an orbit in this two-dimensional spacetime. As in the previous section, we assume that the hypersurface 
E(°) is timelike and is normalized so that it represents the proper time t along the trajectory of the brane. The 
background metric (Q) and imbedding functions (|^) described in the previous section is an example. In the plane 
symmetric background we can decompose perturbations as follows 

SguNdx^Ux^ ^ j d^k [habYdx^'dx'' + 2h(^^aV(L)tdx''dx^ 

+ {h(LL)T(LL)i3 + h(Y)T(Y)ij)dx' dx^] , 
SZMdx""' = j d^k [zaYdx'' + Z^L)V(L)^dx'] , 

SS^^dy^dy" = J d^k [tooYdy^dy" + 2t(L)oViLYdy^ dy' 

+{t(LL)T(LL)ij +t{Y)T(Y)tj)dy'dy^] , (23) 

where Y — exp(— ik • x), V(i)i — diY, T(LL)ij — ^didjY + {2k'^ /3)dijY and T(Y)ij — SijY, and all coefhcients are 
supposed to depend only on the 2-dimensional coordinates {x"} of the orbit space. Here, x denotes coordinates {a;*} 
of the three-dimensional plane (i = 1, 2, 3), and k represents the momentum {ki} along the plane. Hereafter, we omit 
k in most cases. It is easy to see how the coefficients {/I's, z's} transform under the 5-gauge transformation by using 
( pO| ) and to construct 5-gauge-invariant variables, those linear combinations which are invariant under the 5-gauge 
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transformation. Therefore, we obtain 5-gauge-invariant variables corresponding to perturbations of physical position 
of the hypersurface E 



<t>a= Za+ Xa, 

as well as 5-gauge-invariant variables representing gravitational perturbations in the bulk 

Fab — hab — VaXf, — VfcXa, 



(24) 



(25) 



wheie Xa = h(L)a-r'^da{r '^h(LL))- 

It is also easy to obtain the corresponding expansion of Sq^j^y and 5K^y by using the expression (^9[). After analyzing 
4-gauge transformations ( pl| ) of coefficients of the expansion, we can construct A-gauge-invariant variables^ those linear 
combinations that are invariant under the 4-gauge transformation, and express them in terms of 5-gauge-invariant 
variables as follows. For perturbations of the induced metric, we have|^ 

/oo = e'^e^'Fab + 2/C0, 
f = F + (bn-dar^, (26) 

where e°, n'^ and </> are abbreviations for Bq^''^ n'^"^" and n°'4'a, respectively, and K denotes the 00-component 
of the unperturbed extrinsic curvature as in y^. For perturbations of the extrinsic curvature, we have 

A:oo = ~]^n'^e'e^{2VcFab - ^aFbc) + ^in'^n" + 2e''e')FablC - 4> + ^(i?^^^ + a/C^),/), 

e' Fab -r{r-^ <!>)■, 

2^' 



(0) 
00 



«(L)0 



C(LL) 



1 



1 



1 • 



k(j) = -Fahn''(2eV'= - n''n'')dy + -r^n^dair-^F) + -ct^e^dy + (j) ( r^rfrf^b^Mr + — 



k2 

3 



(27) 



where is the two-dimensional covariant derivative compatible with the metric ^ab of the orbit space and i?'-'*') is 
the Ricci scalar of "fab and dots denote derivative with respect to the proper time t. Note that the right hand sides of 
(^) and (|2^) are evaluated on the unperturbed hypersurface E^°) and that 4> can be considered as a function of the 
proper time t. 



Now, for completeness, we show the relation among the 4-gauge-invariant variables and {Sq^v, SK^,^) in (18) 



/oo = o-Qo - 2x, 



2^ 



f = <7{Y) + 2xrf + — Cr(LL), 

fcoo = ^00 + X^j 



k 



(L)0 
(LL) 



k(Y) = 



where x = c^(l)o - t'^It '^'^{ll))' and 



5K^,~\{K^^^P5qp, + K<;^)P5q,^) 



'«(L)o + ^(/C -I-/C) [x - ^^(r ^ctll)'] , 
Sq^.^dy^^dy" = ['^ooYdy'^dy'' + 2a (D^V^^D^dy'' df 

k 

+ {<^(LL)T[LL)ij + (^(Y)T(Y)t])dy''dy^] 
dy'^dy-' = [iioaYdy"dy° + 2k^L)oV(L)^dy°dy' 

k 

+{i^(LL)T(LL)t] + 'i(Y)T{Y)ij)dy'dy^] 



(28) 



(29) 



'In ref. M, there is a typo in the sign of the second term of /oo. 
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Finally, the doubly gauge-invariant junction condition with the Z2-symnietry becomes 



2fcoo = -K^ -Too + a 



2fc, 



(Y) 



2fc(L)0 = -«^T(L)0, 



2k 



(LL) 



(30) 



where tqo, T(^y), '''(l)o and T(ll) are 4-gauge-invariant variables constructed in ref. from perturbations {t's} of the 
surface energy momentum tensor on the brane (see the last equation in ([23|)). The perturbed junction condition ( [30| ) 
was first derived in ref. pO) and rederived in ref. 

The relation between the above 4-gauge-invariant variables and gauge-invariant variables which are commonly used 
in the standard cosmology Eq-RQ] is as follows. 



/oo 
/ 



T(Y) 

r(LL) 



(KS), 



Too = P^(KS) + P 



= iP+P) 



2 ^{KS) 



P^(KS) + P- 



[KS) 



(31) 



where variables with the subscript {KS) are those defined in ref. [g9[ and is the sound velocity defined by = p/ p. 



B. Master equation in the bulk 

As shown first in ref. and confirmed in ref. |p^ p|, all components of perturbed Einstein's equation in the bulk 
around the pure AdS background can be reduced to a single equation called the master equation. For K = and 
k ^ 0, the master equation is of the form 

Lk$ = 0, (32) 

where $ is the master variable depending only on the coordinates {a;"} in the two-dimensional orbit space and the 
linear differential operator Lk is defined by 

Lk* = r^V" [r-iVa(r"^*)] - k^r^^^-. (33) 
For example, in the conformally fiat coordinate system considered in section |l| the master equation becomes 

X-'^dx[Xdx{X<^)]- -]<i^<^ = Q, (34) 
and is easily solved. The general solution is 

$ = ^ |e-*l'^l^(ClnX + D)+ d/ze-^^^^^[A(A.) Jo(a*X) -h B{^i)Yo{pX)] + (c.c)| , (35) 

where (c.c) represents the complex conjugate. 



In the latter paper, they extended the master equation of vector and tensor perturbations in the bulk to more general 
background without maximal symmetry. 
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Actually, 5-gauge-invariant variables for scalar perturbations are written in terms of the master variable as 



Fab = - ( VaVb* - ^\7^^-/ab + ^^'^lab 



r 

(^''^ ~ I*) • ^^^^ 

For k = 0, the corresponding perturbation has the plane symmetry and, thus, the generalized Birkoff's theorem 
guarantees that the perturbed bulk geometry is a S-AdS spacetime. Hence, the perturbation corresponding to k = 
is actually perturbation of the parameter ^ in (^) around = and can be understood as dark radiation Q . Since 
the effect of non-zero has already been analyzed non-perturbatively in refs. in this paper we shall concentrate 

on perturbations with non-zero k. This treatment is, of course, justified since perturbations with different k are 
decoupled from each other in the linear order. 

IV. EQUATIONS ON THE BRANE 

As we have seen in the previous section, all 5-gauge-invariant variables and 4-gauge-invariant variables are written 
in terms of the master variable After some cumbersome calculations using the master equation (|3^), we find the 
following set of three equations among the 4-gauge-invariant geometrical variables. 

Ill 4 

k(L)Q + 'iHk(L)Q - koo + 2a"^fc(y) + ■^-j====foQ + -k2a"^fc(i£) = 0, 

k^Y) - Hk^Y) + ^^==={f - 2Hf) + -k2fc(i)o + a^Hkoo = 0, (37) 



and 



/ + a^Hf 00 + 2{2H^ + H){a^f oo - /) + ^(2/ - a'/oo) 



; fcoo H : k(Y) = 0. (38) 

Note that the equations (^) represent nothing but the gauge-invariant expression of perturbation of the equation 

V W {K; ~ KS;) = RMNef.'n" ^ 0, (39) 

where v|,''^ is the four-dimensional covariant derivative compatible with the induced metric q^^. On the other hand, 
( ^ ) is the gauge-invariant expression of perturbation of the equation |^ 

- K^K^ - = 2GMNn^''n^ = Ur^, (40) 

and, as we shall see, can be interpreted as an evolution equation of / after use of the junction condition. Here, i?^^-' 
is the Ricci scalar of the four-dimensional induced metric g^^. Furthermore, we can express the master variable and 
its derivative at any point on the brane in terms of the 4-gauge-invariant geometrical variables. For example. 



k^ 2 a/1 + /2 ff 2 1,4 

2 k^ 

V) + a'i?fc(L)o + gk'fccLL) = - rd^ir''^)\,a^zioj.^t) , (41) 



where d± = n°'da- If one like, one can check these equations (|37|), ( |38| ) and (|4l|) by using the general solution (|3£ 
and a computer algebra package like GRTensor II 



''The author thanks W. Israel for pointing this out. 
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By substituting the doubly gauge-invariant junction condition (po|), we obtain the perturbed conservation equation 

1 4 IH 



T(L)0 + 

Too + 3Htqo 



4k2 
3^ 



k2V1 + PH^ 



foo = 0, 



3H 



k2 



31H 



if - 2Hf) = 0, 



the evolution equation of / 

f + a^Hfoo 



2(2ij2 + ff)(a2/oo - /) + 3^(2/ - a^foo) 



I 



-T(Y) 



Too = 0, 



and the expressions of <i> and rd^_{r on the brane 

k2 



f-2Hf 



3a^H 



f + a'Hf, 



00 



1 2 2^1+72772 



Too 



Too + 3i7T(i)o + ^T(ii) = --2-3 ra±(r-^$)|^„^^,„,„(^^ 



j.a^2(0)a(t) , 
-1, 



(42) 



(43) 

(44) 
(45) 



Now we shall use the equation (^) to give a boundary condition to $ and use another equation (Q) to give a 
feedback of $ to perturbations on the brane. First, let us introduce the Z2-synimetric retarded Green's function 
Gr(x'^,x'") satisfying 



LkGR(x^x'") 



(46) 



in the Z2-synimctrizcd orbit space. Here, the Z2-symmetrized orbit space is obtained from two copies of the region (i) 
of the AdS spacetime glued together along the unperturbed world volume S*^°) of the brane (see section ||). Hence, 
$ is expressed as 



$(:r") = $,„(x") -2 dt' G^{x\ Z(o)"(t')) 



x»=Z(0)»(t') 



(47) 



where $i„(x") is an arbitrary solution of the master equation ( ^ ) representing initial gravitational waves in the bulk 
and S{t) is the left hand side of (45). Hence, by substituting this into (p4|) we obtain 



Rity 



Qa{tfH{t) 
2k2 
9a(tyH{t) 



dt' GR{t,t') \4a{t'yS{t')+-k' ^5i(r--'$»)L.^z(o)"(t') 



= 0, 



(48) 



where Gnit, t') = GR(Z(")°(t), Z(")"(t')) and R{t) is the left hand side of (H). This is the integro-differential equation 
which we have been seeking since conjectured in ref. If there is no initial gravitational waves in the bulk, then the 
integro-differential equation is reduced to 



R{t) 



%a{tfH{t) 



dt' GR{t,t') ait'^Sit') ^ 0. 



(49) 



Finally, we have found the set of four coupled equations (42), ( |43| ) and ([48|). These equations are written in terms 
of physical quantities on the brane and can be used to determine the evolution of cosmological perturbations on the 
brane. Note that the number of equations, four, is the same as the number of independent components of perturbed 
Einstein's equation for scalar perturbations in the standard cosmology as we shall see in the next section. 

Although we have succeeded in deriving the integro-differential equation formally, we need an explicit expression 
of the Z2-symmetric retarded Green's function in order to obtain the kernel. Since evaluation of the Green's function 
for a general motion of the brane seems difficult, it might be more realistic to adopt numerical methods to integrate 
the master equation ( |3^ ) in the bulk and the three differential equations on the brane, (^2|) and (^), at the same 
time. In this case, we can use the equations (^) and ( p4[ ) to give a boundary condition to $ and to give a feedback 
of $ to perturbations on the brane. 
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V. COMPARISON WITH THE STANDARD COSMOLOGY 



In this section we compare the four independent equations derived in the previous section with the corresponding 
equations in the standard cosmology. 



A. Brane-world cosmology 



By using the background junction condition (|1C|) with the plus sign and the conservation equation (|1 1|) , we can 
rewrite the four equations obtained in the previous section as follows. The conservation equation is 



T(L)0 + 'iHT^L^o - -^T(Y) + 7;-^T(LL) + 7i{P + P)foO = 0, 



1 4k^ 1 

Too + SHtoo + ^T(y) + ^^T(i)o + /^(p + - 2Hf) = 0, (50) 



the evolution equation of / is 



/ + a^Hho + 2{2H^ + H)ia\ho - f) + ^{2f ~ a\foo) 



ttGjv ( 1 + t ) T(Y) ^ — 1 r a Too = 0, (51) 



a; 3 V A , 

and the integro-difFerential equation without initial gravitational waves in the bulk, = 0, is 

m + ^JP^ / dt' G^{t, t') ait' f Sit') = 0. (52) 

where 



Rit) =f- 2Hf + — — / + a^Hf 00 ^ 1 + ^ -tqo, (53) 



Sit) = Too + 3iJT(i)o + -^T(LL)- (54) 

Here, we have used the definition of four-dimensional effective Newton's constant Gat and the four-dimensional effective 
cosmological constant A4 introduced in section |l[ 



B. Standard cosmology 



Now, for the purpose of the comparison, let us review the gauge-invariant formalism of cosmological perturbations 
in the four-dimensional Einstein gravity [p8|-p0[ in terms of the 4-gauge-invariant variables used in the present paper. 
We consider scalar perturbations around the Fricdmann- Robertson- Walker spacetime. Namely, we consider the metric 

dsl^iq^;;}+5q^,)dy^^dy'', (55) 

where 

3 

q^^}dy^^dy'^ = -dt^ + a" it)Y,idy^)\ (56) 

1=1 

and 

Sq^udy^dy" = j d^k [aoaYdt^ + 2a(^L)oV{L)idtdy'- + i(Ti^LL)T(Lmj + <7(Y)T(Y)ij)dy''dy^] . (57) 

Here, the coefficients ctqo, cr(i)o, (^{ll), '^(y) depend only on the proper time t. Following ref. we can construct 
gauge-invariant variables foo and /. 
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/oo — cToo — 2x, 

/ = a^Y) + 2a^Hx + ^(JiLL) , (58) 



2k2 



where x = cf(^l)o - ^(ll) + '^Hg^ll)- 

As for the stress energy tensor, we consider 



Ti:.). = -^^'.+Ti^ + ^n, (59) 



where A4 is the four-dimensional cosmological constant, T^y is given by ( [13|) and 

Sf^ydy^dy'' = y d^]^ [iooydt" + 2^L)oViL)^dtdf + (f(LL)T(LL)., + i(y)T(y),,)dy^dy^] . (60) 

Again, the coefficients foo: ^(l)Oj i{Y) depend only on the proper time t. Following ref. wc can construct 

gauge-invariant variables tqo, ■'■l(o): '''(ll) and 

Too = ioo + PX, 

T(LL) = UlL) 

T(Y) = + a^px- (61) 

We can expand the four-dimensional Einstein's equation G^^-^^ = SirGj^T^^^^^ up to the first order in the pertur- 
bations, where G'^^-^^ is the Einstein tensor constructed from the metric g^;^, and express it in terms of the above 
gauge-invariant variables. The background equations are, of course, the Friedmann equation 

H^='-^P+^. (62) 



and the conservation equation 



The first order equations are 



p + 3H{p + p) ^0. (63) 



f~2Hf + a^Hfoa = -87rGNa\L)o, 
— f ~ 327rG7va^T(LL), 

f-Hf- 2{H^ + H)f + + a^Hfoa + a\3H^ + 2H)foo - y/00 - -87rGArr(y). (64) 

These four equations are equivalent to the following set of four equations. 

1 4k2 1 

T(L)o + 3//T(i)o - ^r(y) + 3^^(LL) + ^{P + P)f 00 - 0, 

Too + SHroo + ^T(y) + ^r(i)o + ^(P+P)(f- '^Hf) = 0, (65) 

/ + a^Hfoo + 2{2H^ + H){a^ - /) + ^{2J - a^foo) 

+ %ttGnT(y) - ^^^^ a^Too = 0, (66) 

and 
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f-2Hf+ + a'Hfo. - ^Poo = 0. (67) 

Finally, in the standard cosmology, there are two well-known algebraic relations among gauge-invariant variables 
derived from the perturbed Einstein's equation. With our notation, those are 

k^f = 87rGMa%Too + 3HT^L)o), 
aVoo-/ = 32^G^aV(ii). (68) 



C. Similarity and difference 



The equations (65) in the standard cosmology are nothing but the perturbed conservation equation and, of course, 
exactly the same as those for the brane- world cosmological perturbations (pO[). The equation ( |66| ) in the standard 
cosmology is similar to the equation (|5l| ) in the brane-world cosmology. In particular, in the low energy limit when 
\p\/X <C 1 and \p\/X ^ 1, these equations become identical. The final equation (|67|) in the standard cosmology is. 



in some sense, similar to the integro-differential equation (52). Actually, in a situation when the effect of the bulk 
gravitational waves (the integral in the integro-differential equation) is negligible ^, the integro-differential equation 
is reduced to R{t) ~ 0, which becomes the same as ( |67|) in the low energy limit. 

However, in general, non-local properties of the integro-differential equation ( [52[ ) in the brane-world cosmology are 
expected to become significant. Moreover, in high energy, corrections of order 0{p/\) and 0{p/X) become significant, 
too. In particular, in the brane-world cosmology we have not found simple algebraic relations like (^8|). Hence, there 
is a good possibility that we can find observable differences between the brane-world cosmology and the standard 



cosmology, by analyzing the set of equations (p2[), (51) and (p(j[). Furthermore, if we consider the initial gravitational 
waves in the bulk ($i„ ^ 0) then these waves affect the evolution of perturbations on the brane as expressed by the 
more general integro-differential equation (|4^). 

VI. SUMMARY 

We have analyzed cosmological perturbations in the Randall-Sundrum brane-world scenario with a positive tension 
brane in the AdS background bulk geometry by using the doubly gauge-invariant formalism. For simplicity, we 
have considered scalar perturbations around a plane symmetric {K — 0) background. We have derived the set of 
four coupled equations (^), (|4^) and (^). The final equation is an integro-diflFerential equation whose kernel is 
constructed formally from the Z2-symmctric retarded Green's function of the bulk gravitational waves. Hence, this 
equation describes non-local properties due to the gravitational waves propagating in the bulk. Finally, we compare 
these equations with the corresponding equations in the standard cosmology. In particular, we have seen that the 
number of independent equations, four, is the same as in the standard cosmology and that in low energy these sets of 
equations differ only by the non-local effects due to gravitational waves in the bulk. 

Although we have succeeded in deriving the integro-differential equation formally, we need an explicit expression of 
the Z2-symmetric retarded Green's function in order to obtain the kernel. Since evaluation of the Green's function for 
a general motion of the brane seems difficult, it might be more realistic to adopt numerical methods to integrate the 
master equation ( ^2|) in the bulk and the three differential equations on the brane, ( ^ ) and (^), at the same time. 
In this case, we can use the equations (^) and (Q) to give a boundary condition to $ and to give a feedback of <& to 
perturbations on the brane. Namely, we have one equation for bulk perturbations, three equations for perturbations 
on the brane and two equations to relate these two kinds of perturbations. 



The author would like to thank Werner Israel for continuing encouragement and helpful discussions. This work was 
supported by the CITA National Fellowship and the NSERC operating research grant. 



^Actually, in the static background H = 0, the so called zero-mode truncation |p2| corresponds to setting G-[i{t,t') 
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